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LINEARIZED UNSTEADY NONEQUILIBRIUM FLOWS OF COMPRESSIBLE GAS 

Zh. S. S i s lyan  

ABSTRACT. Discussion of t h e  f i e l d  of a d i s tu rbed  flow pro- 
duced by t h e  unsteady motion of a t h i n  f o i l  o r  of t h e  sur -  
f a c e  of an i n f i n i t e  c i r c u l a r  c y l i n d r i c a l  s h e l l  s i t u a t e d  i n  
a uniform equi l ibr ium gas flow. 
r ived  and analyzed. 

Relevant equat ions  are de- 

1. W e  s h a l l  survey t h e  f i e l d  of d i s turbed  flow caused by t h e  unsteady /37* 
motion of a t h i n  a i r f o i l  l oca t ed  i n  a uniform and equ i l ib r ium stream of gas  mov- 
i n g  wi th  v e l o c i t y  U, along t h e  p o s i t i v e  x axis i n  t h e  system of s t a t i o n a r y  co- 
o r d i n a t e s  x, z .  L e t  u s  suppose t h a t  i n  t h i s  f i e l d  of t u r b u l e n t  f low t h e r e  t akes  
p l a c e  a nonequi l ibr ium process  such as, f o r  example, r e l a x a t i o n  of t h e  i n t e r n a l  
degree of freedom of a molecule o r  t h e  r eac t ion  of d i s s o c i a t i o n  of a diatomic 
gas.  W e  s h a l l  neg lec t  t h e  e f f e c t s  of v i s c o s i t y ,  hea t  conduc t iv i ty  and d i f f u s i -  
v i t y .  On account of t h e  th inness  of t h e  a i r f o i l  and of t h e  s m a l l  dev ia t ion  from 
some in t e rmed ia t e  p o s i t i o n ,  t h e  d is turbances  introduced i n t o  t h e  stream by t h e  
unsteady motion of t h e  a i r f o i l  w i l l  be  minimal, and t h e  flow w i l l  d i f f e r  l i t t l e  
from t h e  state of thermodynamic equi l ibr ium. A s  is known [l, 21, a d i s tu rbed  
f low i n  t h b  approriartioa lo irrotational and the problem is  reduced to the 
i n t e g r a t i o n  of the eqwatioa 

,1' 

H e r e :  T, = a parameter which i s  propor t iona l  t o  t h e  r e l a x a t i o n  t i m e  0, ( t h e  
s u b s c r i p t  is  used t o  des igna te  q u a n t i t i e s  t h a t  correspond t o  t h e  undis turbed  
s t ream);  Q = t u r b u l e n t  v e l o c i t y  p o t e n t i a l ;  Mf - - U,/afm; Me = %/ab; and a 

f, 
and a 

e, 

S ince  a The boundary cond i t ion  which d ic -  

tates t h e  requirement t h a t  t h e  stream must move t a n g e n t i a l l y  around t h e  a i r f o i l  
contours  has  t h e  form 

= t h e  s t a g n a t i o n  and equi l ibr ium v e l o c i t i e s  of sound, r e spec t ive ly .  

i s  always g r e a t e r  than  a e ,  Mf < Me. f 

when z = 0 

where Z = Z(x , t )  i s  t h e  motion equat ion of t h e  a i r f o i l .  Besides t h i s ,  t h e  po- 

*Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  f o r e i g n  t e x t .  
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t e n t i a l  0 must s a t i s f y  t h e  condi t ion  that  t h e  d is turbances  are a t t e n t u a t e d  a t  
i n f i n i t y .  The express ion  f o r  t h e  pressure  has  t h e  form 

where pa = t h e  d e n s i t y  of t h e  gas i n  t h e  undis turbed stream. 

As a simple example of t h e  e f f e c t  of nonequi l ibr ium on t h e  c h a r a c t e r i s t i c s  
of t h e  flow, l e t  us  examine t h e  case where a n  i n f i n i t e  s u r f a c e  loca ted  a t  z = 
0 is deformed according t o  t h e  t r a v e l l i n g  wave l a w  

Z = Z 0 exp[ik(ct-x)]  (k  = 271/h) (1.4) 

/38 H e r e :  k = wave number; h = wavelength; c = v e l o c i t y  of wave propagat ion.  

I f  w e  search f o r  t h e  p o t e n t i a l  CP i n  t h e  form 

0 = CPO(z)exp[tk(ct-x)] 

then ,  s o l v i n g  t h e  boundary problem (1.1)-(1.3), whi le  t ak ing  i n t o  cons ide ra t ion  
(1.4) f o r  the p o t a n t i d .  .ad the pr-ure, we have 

The dimensionless  paramete,r r = T,U,k r e p r e s e n t s  t h e  r e l a t i o n s h i p  between 
t h e  c h a r a c t e r i s t i c  r e l a x a t i o n  t i m e  and the o s c i l l a t o r y  motion. 
f low is  i n  equ i l ib r ium as r -f 0 and is constant  as I' -f OD. 

grad ien t  a t  t h e  s u r f a c e ,  we have 

The unsteady 
For t h e  p r e s s u r e  

2. 
by t h e  unsteady motion of t h e  s u r f a c e  of an i n f i n i t e  c i r c u l a r  c y l i n d r i c a l  s h e l l  
of r a d i u s  R,  l oca t ed  i n  an evenly d i s t r i b u t e d  and equi l ibr ium stream of gas  

moving a long  t h e  x a x i s  of t h e  s h e l l  with the v e l o c i t y  Ui i n s i d e  t h e  s h e l l  and 

UE i n  t h e  o u t e r  reg ion  ( t h e  parameters of flow i n s i d e  t h e  s h e l l  and i n  t h e  out-  
er reg ion  w i l l  be  des igna ted  by t h e  s u p e r s c r i p t s  i and e, r e s p e c t i v e l y ) ,  w e  

For a d e s c r i p t i o n  of a d is turbed  nonequi l ibr ium f i e l d  of flow caused 
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w i l l  u se  t h e  equat ions  f o r  t h e  tu rbu len t  v e l o c i t y  p o t e n t i a l  i n  t h e  c y l i n d r i c a l  
coord ina te  system x, 8, and r (the x axis be ing  d i r e c t e d  a long  t h e  axis of t h e  
s h e l l )  

The boundary cond i t ions  on t h e  moving w a l l  s h a l l  be 

where r = w(x,€l,t) i s  t h e  motion equat ion of t h e  s u r f a c e  of t h e  s h e l l .  A t  i n -  

f i n i t y ,  t h e  p o t e n t i a l  Qe must s a t i s f y  t h e  cond i t ion  t h a t  t h e  d i s tu rbances  are 

a t t enua ted ,  Qe +- 0, and a Q e / a r  -f 0,  as r + 03. I f  t h e  p o t e n t i a l  Qe desc r ibes  a 
wave process ,  t h e s e  condi t ions  must be replaced by t h e  r a d i a t i o n  cond i t ions  Qe = 

O(r-’) , i.e. , t h e  wave i n t e n s i t y  must decrease  by t h e  r e l a t i o n  r-’ as t h e  d i s -  
t ance  from t h e  source  lengthens.  
d ive rgen t  waves i f  t h e  s h e l l  r a d i a t e s  energy, and convergent waves i f  t h e  s h e l l  
absorbs energy from t h e  stream [3 ] .  

Besides t h i s ,  t h e  p o t e n t i a l  should d e s c r i b e  

L e t  u s  suppose t h a t  t h e  s u r f a c e  o f  the  s h e l l  is deformed according t o  t h e  
l a w  w = woexp[ik(ct-x)]cos ne. Then, by represent ing  t h e  p o t e n t i a l  i n  t h e  form 

of Q = (PI ( r ) exp[ ik (c t -x ) ] cos  & , w e  ob ta in  t h e  fo l lowing  from equat ion (2.1):  

The s o l u t i o n  of equat ion  (2.2) appears i n  the form of t h e  fol lowing Bessel 
func t ions  : 

Thus, t h e  s o l u t i o n  of t h e  given problem i s  der ived  from t h e  corresponding - 
2 2 2  s o l u t i o n  f o r  an i n e r t  gas  [3]  by interchanging t h e  va lue  of v2 = k (MeG -1) 

w i t h  t h e  v a l u e  of (2.2). 

3 .  L e t  US i n t roduce  t h e  dimensionless coord ina tes  x and z ,  r e f e r r e d  t o  
t h e  q u a n t i t y  lr = T,Um, which is p ropor t iona l  t o  t h e  l eng th  of t h e  r e l a x a t i o n ,  
and t h e  dimensionless  t i m e  t ,  r e f e r r e d  t o  Tm. L e t  u s  suppose t h a t  t h e  t h i n  air-  

/39 
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f o i l  accomplishes small harmonic v ib ra t ions  of frequency w i n  a supersonic  even- 
l y  d i s t r i b u t e d  and equi l ibr ium stream of  g a s  moving wi th  t h e  v e l o c i t y  Urn a long  
t h e  h o r i z o n t a l  x akis .  L e t  us  r ep resen t  t h e  motion equat ions  of t h e  a i r f o i l  
and t h e  t u r b u l e n t  v e l o c i t y  p o t e n t i a l  i n  the form 

where h (x) and (x,z) are t h e  antisymmetric dimensionless  components i n  t h e  ex- 

pansions of Z and CP i n t o  t h e i r  symmetric and ant isymmetr ic  p a r t s  wi th  r e s p e c t  
t o  t h e  s u r f a c e  z = 0 (i.e.,  w e  are consider ing an antisymmetric problem he re ;  
see, f o r  example [ 4 ] ) .  The dimensionless parameter r f wTm r e p r e s e n t s ,  as it 
d id  above, t h e  c h a r a c t e r i s t i c  r e l a x a t i o n  t i m e s  and o s c i l l a t o r y  motion, and de- 
termines t h e  degree of nonequi l ibr ium of t h e  unsteady flow. S u b s t i t u t i n g  (3.1) 
i n t o  (1.1)-(1.3),  w e  o b t a i n  t h e  fol lowing equat ions  i n  t h e  dimensionless coordi-  
n a t e s  x and z ,  which d e s c r i b e  the d is turbed  harmonic nonequi l ibr ium flow f i e l d :  

a 

W e  s h a l l  subsequent ly  use  new independent v a r i a b l e s  f o r  t h e  s o l u t i o n  

With t h e  new v a r i a b l e s ,  t h e  expressions (3.2) and (3.3) t a k e  t h e  form 

On t h e  s t r e n g t h  of t h e  supersonic  cha rac t e r  of t h e  flow, t h e  d i s tu rbances  
w i l l  b e  equal  t o  zero  when x < 0. Then, us ing  t h e  Laplace t ransform 

4 



t o  equat ion  ( 3 . 4 ) ,  w e  o b t a i n  

Equating t h e  r i g h t  s i d e  of t h i s  equat ion t o  zero ( t h e  v a l i d i t y  of t h i s  as-m 
sumption w i l l  be  proved below), w e  have 

The s o l u t i o n  of ( 3 . 6 ) ,  which s a t i s f i e s  t h e  transformed boundary cond i t ion  

I) 

and t h e  condi t ion  of f i n i t e n e s s  of d i s turbances  a t  i n f i n i t y ,  w i l l  be  

L e t  us i n v e s t i g a t e  t h e  d is turbed  f i e l d  flow near  t h e  f i r s t  s t a g n a t i o n  Mach 
l i n e ,  i .e.,  when 5 + 0. 
u = 9, = f g  and v = 9 

To f i n d  t h e  values  of t h e  p o t e n t i a l  f and t h e  v e l o c i t y ,  
= X ( f  -f ) when 5 = 0, w e  have 

f r l S  

For va lues  of 5 + 0, t h e  func t ion  wa(S) can be expanded i n  a series 

5 



For h igh  va lues  of s,  t h e  func t ions  6 o r  6-l are represented  i n  t h e  form 
of t h e  fol lowing series: 

Subst i tur-  i3.9) bnd (3.10) in (3.8) and approaching the l i m i t ,  w e  o b t a i n  

v r v . ( O ) e  na (3.11) 
- -  - 

tS* 0, u (0, s) - - k,%. om-- 
%. - __ 

Equations (3.11) s u b s t a n t i a t e  t h e  assumption made dur ing  t h e  d e r i v a t i o n  of 
equat ion  ( 3 . 6 ) .  
n e a r  5 = 0 decrease  exponen t i a l ly  as 0 + m .  

It is  evident  from these  equat ions  t h a t  v e l o c i t y  d i s tu rbances  

L e t  us c a l c u l a t e  t h e  p re s su re  c o e f f i c i e n t  on t h e  s u r f a c e  of t h e  a i r f o i l .  
From (3.5) f o r  t h e  transformed pressure coefficient when 0 = 0 ,  w e  have 

(3.12) 

In order t o  utilisr the a. lr~l l fol l r  (3.11) let us rarrite it i n  t h e  form 

Applying t h e  convolut ion theorem twice t o  t h e  express ion  (3.13),  w e  a r r i v e  
a t  t h e  fol lowing formula f o r  the va lue  of t h e  p r e s s u r e  c o e f f i c i e n t  on t h e  air- 
f o i l  : 

1 
- - _  3 
- 

E 
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Here J and I are t h e  Bessel func t ion  and t h e  modified Bessel func t ion  of 0 0 
t h e  f i r s t  kind of zero  o rde r ,  respectively. When w = 0 ( the  s t eady  case), 
“(6) = c ( 6 ) ,  and formula (3.14) co inc ides  wi th  t h e  formula obta ined  i n  re ference  
[5]  f o r  t h e  case of t h e  s teady  supersonic  nonequi l ibr ium flow around a t h i n  air- 
f o i l .  

Formula (3.14) can be  s i m p l i f i e d  i f  w e  t ake  i n t o  cons ide ra t ion  t h a t ,  i n  
t h e  case examined, when i n  t h e  d i s tu rbed  flow t h e r e  t a k e s  p l a c e  only  one non- 
equ i l ib r ium process ,  t h e  va lues  of t h e  s t agna t ion  and equ i l ib r ium v e l o c i t i e s  of 
sound af and ae are c l o s e  t o  each o t h e r  [ 6 ] .  Thus, f o r  example, i n  r e fe rence  

[l], a s u i t a b l e  va lue  f o r  af/ae i s  considered t o  be  11/10,  wh i l e  i n  r e fe rence  

[ 7 ]  a va lue  of 1.16 is  chosen f o r  af/ae. Assuming t h a t  h 2 / h f  ( 1 + ~ ) ,  t h e r e f o r e ,  

where E i s  a s m a l l  q u a n t i t y  (we s h a l l  d i s regard  t h e  squares  and h igher  powers 
of E ) ,  w e  t ransform express ion  (3.12) i n t o  t h e  form 

2 
e 

(3.15) 

which, w i th  an accuracy t o  E ~ ,  co inc ides  wi th  t h e  formula obta ined  i n  r e fe rence  

7 



[6]  under analogous assumptions, bu t  by another  method, f o r  t h e  case of super- 
s o n i c  s t eady  flow over a t h i n  a i r f o i l .  

4 .  For small va lues  of t h e  parameter r ,  i.e., i n  t h e  case  of low-frequen- 
cy harmonic v i b r a t i o n s  of a t h i n  a i r f o i l ,  when t h e  t u r b u l e n t  flow i s  almost a t  
equi l ibr ium,  t h e  s o l u t i o n  of equat ion ( 3 . 6 )  can be  found i n  t h e  form of  an ex- 
pansion i n  a series wi th  r e spec t  t o  parameter I' 

S u b s t i t u t i n g  ( 4 . 1 )  i n t o  ( 3 . 6 ) ,  w e  ob ta in  t h e  fo l lowing  equat ions  f o r  t h e  
ze ro  and f i r s t  approximations,  r e spec t ive ly :  

. -  a F. 

W e  o b t a i n  t h e  boundary cond i t ions  f o r  func t ions  F0(s,n) and F1(s,n) 

Equation ( 4 . 2 ) ,  t oge the r  wi th  t h e  boundary cond i t ions  ( 4 . 4 ) ,  d e s c r i b e  t h e  
s o l u t i o n  of t h e  s t eady  s ta te  problem examined i n  r e fe rence  [5].  
have 

For Fo(s,n) w e  

The s o l u t i o n  of equat ion  ( 4 . 3 ) ,  which s a t i s f i e s  t h e  boundary condi t ions  
( 4 . 4 )  and t h e  cond i t ion  of a t t e n u a t i o n  of d i s tu rbances  a t  i n f i n i t y ,  has  t h e  
form 

8 



For t h e  transformed va lue  of t h e  dimensionless p re s su re  g rad ien t  P on t h e  
a i r f o i l ,  which c h a r a c t e r i z e s  t h e  l o c a l  s p e c i f i c  l i f t  of t h e  f o i l ,  t ak ing  i n t o  
account ( 3 . 5 )  and ( 4 . 1 )  w e  have 

o r  s u b s t i t u t i n g  expressions (4.5) and ( 4 . 6 )  with  r, = 0 i n t o  ( 4 . 7 )  

L (PI - - 4 Isw, (40 (4 - G l V ~ ( ~ G  (de (s) + HW,ir)Q ( d I  ( 4  8) 

Converting (4.8) ,  w e  o b t a i n  f o r  t h e  pressure  g rad ien t  on t h e  a i r f o i l :  - /43 

+ s exp (- q 0) I ,  (..-.-- (1 - z 0) E#1 

0 

A s  an example of t h e  u t i l i z a t i o n  of formula ( 4 . 9 ) ,  l e t  u s  examine t h e  prob- 
l e m  of t h e  i n s t a b i l i t y  of l o n g i t u d i n a l  harmonic o s c i l l a t i o n s  of an a i r f o i l  w i th  
one degree of freedom. 
a x i s  

Harmonic long i tud ina l  o s c i l l a t i o n s  w i t h  r e s p e c t  t o  t h e  
5 = 5, are descr ibed  by displacement d i s t r i b u t i o n  h ( S , t )  = a(SO-S)exp( i r t ) .  

Hence , 
te$ (E) = - a [ I  + ir ( E  - E o ) ]  = wan + rwai 

_ _  - 

S u b s t i t u t i n g  ( 4 . 1 0 )  i n t o  (4 .9) ,  w e  get  

(4.10) 

The f i r s t  two terms i n  t h e  b racke t s  desc r ibe  quas i - s t a t iona ry  flow, wh i l e  

9 



t h e  l a s t  two terms rep resen t  t h e  compensation f o r  t h e  nons ta t iona ry  c h a r a c t e r  of 
t h e  flow. The dimensionless moment (pos i t i ve ,  i f  i t  acts i n  t h e  d i r e c t i o n  of an 
i n c r e a s e  i n  t h e  angle  of a t t a c k ) ,  which i s  dependent upon t h e  obta ined  l i f t  d i s -  
t r i b u t i o n  P ( S ) ,  is  equal  t o  

(4.12) 

where: A = l/lr = t h e  r a t i o  of t h e  l eng th  of t h e  a i r f o i l  t o  t h e  r e l a x a t i o n  

= t h e  s t a t i c  moment; CM = t he  quas i - s t a t iona ry  l o n g i t u d i n a l  damp- 
9 

ing ;  and CM = a compensation r e l a t e d  t o  t h e  i n s t a b i l i t y  of t h e  flow. 
ti 

I n s e r t i n g  (4.11) i n t o  (4.12),  w e  f i n d  

4 r, 
kt 

4 + 
4 

5 - [EA (A) - A ,  (A)I, (E) = s& (e) de 
0 

c M ~  = -- [EoaA1  ('1 - E O A ,  (A) f \ (6.- EO) A,'(E) dk]  , 

0 

(4.13) 

(4.14) 

(4.15) 

For some va lues  of t h e  number Mf and of t h e  a b s c i s s a  5 t h e  va lue  of - / 44 0' 
t h e  t o t a l  moment C 

the s t a b i l i t y  boundary of l o n g i t u d i n a l  harmonic o s c i l l a t i o n s  of an  a i r f o i l  wi th  
one degree of freedom can be found, i f  we assume t h a t  

+ CMb, which c h a r a c t e r i z e s  damping, may be negat ive .  Thus, M 
4 

(4.16) 

The f i g u r e  i l lustrates  curves ( s t a b i l i t y  boundaries)  
obtained from equat ion (4.16) by numerical  i n t e g r a t i o n  of 
the express ions  (4.15) and (4.14) f o r  A = 03 ( t h e  e q u i l i -  
brium case) and f o r  A = 1 and 0.4 (curves 1 , 2 ,  and 3 ,  re- 
s p e c t i v e l y ) .  A s  i s  ev ident  from an examination of t h e  

I curves, t h e  presence of a nonequi l ibr ium process  inc reases  
the reg ion  of i n s t a b i l i t y  of o s c i l l a t i o n s  ( t h e  reg ion  i n s i d e  t h e  curves) .  

5. With l a r g e r  va lues  of r ,  i .e.,  i n  t h e  cases of high-frequency harmonic 
o s c i l l a t i o n s  of a t h i n  a i r f o i l  i n  a supersonic  nonequi l ibr ium stream of gas, 
when t h e  t u r b u l e n t  f low i s  c l o s e  t o  s t agna t ion ,  equat ion (3.2) can b e  so lved  by 
t h e  method of asymptot ic  expansion of t h e  t u r b u l e n t  v e l o c i t y  p o t e n t i a l  w i t h  re- 
s p e c t  t o  parameter r [8].  I n  t h i s  method t h e  boundary condi t ion  ( 3 . 3 )  is  satis- 
f i e d  on t h e  s u r f a c e  of t h e  a i r f o i l ,  and not when z = 0,  i .e . ,  w e  have t h e  bound- 
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a r y  cond i t ion  

&ere: n = dimensionless  normal t o  t h e  su r face  of t h e  a i r f o i l ;  w = dimension- 
less component of v e l o c i t y  normal t o  t h e  su r face  of t h e  a i r f o i l ) ,  which al lows 
us  t o  t a k e  i n t o  account t h e  shape of t h e  a i r f o i l  i n  t h e  f i n a l  formulas.  The 
t u r b u l e n t  v e l o c i t y  p o t e n t i a l  must a l s o  s a t i s f y  t h e  r a d i a t i o n  cond i t ion ,  i n  ac- 
cordance wi th  which t h e  func t ion  q ( x , z ) e x p ( i r t )  must desc r ibe  a d ive rgen t  wave 
of f i n i t e  i n t e n s i t y  a t  i n f i n i t y .  

L e t  us r ep resen t  t h e  func t ion  q(x,z)  i n  t h e  form 

cp (Z, z) = r m  [r-lx1 (Z, + r-px2 (z, + . . . I exp [ rrg (2, 4 1  
(5.2) - .- - 

S u b s t i t u t i n g  (5.2) i n t o  (3.2) and (5.1) ,  and equat ing  t h e  c o e f f i c i e n t s  of 
r of equal  degrees  t o  zero ,  w e  g e t  t h e  following equat ions  f o r  determining t h e  
func t ions  Y(x,z) and xl(xyz) : 

v4ks - (3M/2 - 1NX2 + $2 - 922qh + 3Ml”qx - sa,* = 0 

(5.4) 

(he re  and subsequent ly  t h e  i n d i c e s  represent  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  t h e  
corresponding coord ina te s ) .  The equat ions f o r  t h e  de te rmina t ion  of t h e  func t ion  
x r ( x , z ) ,  ( r  > 2) are analogous t o  equation (5 .4 )  with  t h e  right-hand s i d e  known. 

The boundary condi t ions  f o r  t h e  func t ions  +(x,z)  and xr(x,z) w i l l  b e  

From t h e  cond i t ion  (5.1) i t  a l s o  fol lows t h a t  m * 0. 

The s o l u t i o n  of equat ion (5.3) i s  equivalent  t o  t h e  s o l u t i o n  of t h e  - /45 
c h a r a c t e r i s t i c  system of equat ions:  



The parameter u varies along t h e  c h a r a c t e r i s t i c  l i n e s  of t h e  s o l u t i o n .  

The d i f f e r e n t i a l  equat ion ( 5 . 3 )  w i l l  be  H = 0. 

The boundary condi t ions  f o r  t h e  c h a r a c t e r i s t i c  system (5 .6)  w i l l  be  (we 
s h a l l  assume that on t h e  s u r f a c e  of t h e  a i r f o i l  u = 0) 

where x = x (T) and z = z (T) r ep resen t  dimensionless paramet r ic  equat ions  of 

t h e  s u r f a c e  of t h e  a i r f o i l  ( t h e  parameter T i n c r e a s e s  as i t  travels over  t h e  
s u r f a c e  of t h e  a i r f o i l  i n  a clockwise d i r e c t i o n ;  t h e  motion of t h e  a i r f o i l  i n  
parametric form is  given i n  t h e  form X = x o ( ~ ) e x p ( i I ' t ) ,  Z = z $ ( ~ ) e x p ( i r t ) .  

0 0 

The q u a n t i t i e s  p , ( ~ )  and q o ( T )  can be determined from t h e  equat ion  

and t h e  constancy cond i t ions  Y(x,z) on the s u r f a c e  of t h e  a i r f o i l  

and f o r  t h e  flow which s a t i s f i e s  t h e  r a d i a t i o n  cond i t ion  ( i .e. ,  desc r ibes  d i -  
vergent  waves) are equal  t o  

H e r e  9 ( ~ )  is  the s l o p e  of the a i r f o i l  contour;  l ( ~ )  is  t h e  dimensionless l e n g t h  
along t h e  a i r f o i l  contour.  
boundary cond i t ions  ( 5 . 7 )  and ( 5 . 8 )  , w e  g e t  

Solving t h e  c h a r a c t e r i s t i c  system (5 .6 )  wi th  t h e  

o r ,  e l i m i n a t i n g  u, 

(5.9) 

Thus, t h e  s o l u t i o n  f o r  func t ion  Y(x,z) co inc ides  wi th  t h e  corresponding 
s o l u t i o n  f o r  Y i n  t h e  case  of an i n e r t  gas [2 ] ,  where, however, t h e  Mach number 
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, 

f '  is rep laced  by t h e  s t a g n a t i o n  Mach number M 

To determine func t ion  xl(x,z) l e t  us  c r o s s  from t h e  coord ina tes  x,z t o  

t h e  c h a r a c t e r i s t i c  coord ina tes  ~ , u  w i t h  the  h e l p  of t h e  t r a n s i t i o n  formulas 

a t  A [ Mf - sin 0 ( r )  J 
, a t  A C O S ~ ( ~ )  _ -  

a t  - /!'(T) ' a z  -- 1' ( r )  
_ -  

Here R ( T )  = - l ' ( T ) / e ' ( T )  is t h e  dimensionless r a d i u s  of cu rva tu re  of t h e  /46 
contour.  With t h e  new coord ina tes ,  equation (5.4) t akes  on t h e  form 

whi l e  f o r  t h e  boundary condi t ions ,  when u = 0, we have from (5.5) 

Solv ing  equat ion  (5.11) wi th  boundary cond i t ion  (5.12),  f o r  t h e  t u r b u l e n t  
v e l o c i t y  p o t e n t i a l  from (5.2) and (5.9) we o b t a i n  

It is  r e a d i l y  seen t h a t  t h e . t u r b u l e n t  v e l o c i t y  p o t e n t i a l  s a t i s f i e s  t h e  ra- 
d i a t i o n  cond i t ion  as w e l l .  

L e t  u s  determine t h e  p re s su re  c o e f f i c i e n t  on t h e  s u r f a c e  of t h e  a i r f o i l .  
From (3.3) and (5.2) w e  have (when 0 = 0) 

".. . 

From t h e  boundary cond i t ions  (5.5) we have 

(5.14) 
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* S u b s t i t u t i n g  (5.15) i n t o  (5.14) and t ransforming i n t o  t h e  coord ina tes  T 
and 0, w e  g e t  

(5.16) 

The va lues  of t h e  func t ions  x1 and 8xl /80  when CI = 0 can be der ived  from 

(5.11) and (5.12).  Then, f o r  t h e  amplitude of the p res su re  c o e f f i c i e n t  on t h e  
s u r f a c e  of t h e  s e c t i o n ,  t ak ing  i n t o  cons idera t ion  t h e  f i r s t  two approximations 
i n  t h e  expansion (5 .2) ,  w e  o b t a i n  

(5.17) 
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